Longest Tucreasing Subseduence

By Adri Wessels
TOT Training Camp 3 (4-10 March 2014)



Tlhe Problem:

Given a sequevce (€.4.10, 2, &, 13, 4, 5) find a subseduence (.. 2,
12, 4) such that the subsedquence is the longest (strictly) increasing
subseduence.



The Solution:

The solution uses DP.

Let sed be the array containing the seduences.

We let wmewm be an array where wmewm[)] stores the index k of the
sinallest seq(k] such that there is an increasing subseduence of lenath
) ending with seq(k].

We let prev()] store the second last number v the longest ncreasivg
subseduence endivg at sed[)].

Now we build up wmem by noticing that if sedli] is less thaw

sed[mem()]] and sed(i] is greater than sed[mem()-11] thew mewm()]
should be | becanse then vou end the subsedquence with a lower number.,



The Solution:

Also prev(i] is theuw set +o mem([)-1] becaunse at this point v time the
sequence ending with sedlmem(j-11] is the smallest sequence that is
11 longy and thns the optimal choice to go before T v a subseduence.

We thew iterate over the eutire list and fill in wmewm and prev while
keeping track of the lenath of our longest creasing subseduence.

At the end we start at mem[length] and work backwards along the
subseduence by using prev to eventually get the full sequence.



The Example:

we will use the commouly used example from wikipedia which is the

sedquence:
O/ 6/ 4'/ /\Z/ ZI /\O/ Ql /\4/ /\/ q/ 5/ /\%/ %/ /\/\/ ?/ /\5

Reminder:
mem[)] = k st s[k] is the smallest last number v an increasing,

subsequence of length J.
prev()] = the second last namber in the longest ncreasive subseduence

ending at sed[)].



The Example:

Iwdicesi|o |1 |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15

Sed: 0o |8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index 1 = 1

Wem: D

Prev.

Reminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Iwdicesi|o |1 |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15

Sed: 0o |8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index 1 = 0

Wew: D, D

Prev: O

Reminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Iwdicesi|o |1 |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15

Sed: 0o |8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Currewt index 1 =1;

Wewm: O, O, 1

Prenciim

Reminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Iwdicesi|o |1 |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15

Sed: 0o |8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index 1 = 2.

Wew: O, O, 2

Prev: O, O, O

Reminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sed: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index i = 3;

WMew: 0, 0, 2, 5

HEe) 10, (0), Ol

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sed: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index | = 4,

WMew: O, 0, 4, 3

@@\ <0), B O, O

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sed: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index i = 5;

WMew: O, O, 4, 5

Prev:0,0,0, 2,0, 4

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sed: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index i = @;

WMewm: O, 0, 4, @

Prev:0,0,0, 2,0, 4, 4

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sed: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index i = #;

WMewm: O, 0, 4, G, 7

Prev:0,0,0, 2,0, 4, 4, @

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Twdices:|o |1 |2
Sedq: 0 |8 |4
Current index | = &;
WMew: O, O, &, b, 7

(@A), [B), Op7, D) ARAd 1 16

3 (4 |5 |6 |7 |8 |9 (10 |11 |12 {13 |14 |15
12 12 |10 {6 |14 |1 |9 |5 |13 |3 |11 |7 |15

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Twdices:|o |1 |2
Sedq: 0 |8 |4
Current index i = a;
WMewm: O, O, D, b, 9

(@S 10), 0, O, Db AR (o (Bt

3 (4 |5 |6 |7 |8 |9 (10 |11 |12 {13 |14 |15
12 12 |10 {6 |14 |1 |9 |5 |13 |3 |11 |7 |15

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sed: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index 1 =10;

WMew: O, 0, ©,10, 4

(@) 310) (B) 0072 o) v 2 Ba G DN )

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sed: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index 1 =11;

WMew: D, O, &, 10, 4, 11

(G 10), B), (O 7L, (O AR Cr o o) 1Y)

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sed: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index i =12

WMewm: D, 0, ©,12, 4, 11

(R ge) D), B), (O, (D AR g R N o IO AT

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Iwdicesi|o |1 |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15

Sed: 0o |8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index 1 =13:

WMewm: 0, 0, ,12, 4,13
Prev:0,0,0,2,0, 4,4, 0,0, 6,0, 9, 9,9

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Iwdicesi|o |1 |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15

Sed: 0o |8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index | =14

WENIRE SRS S
(o) D), (B DR DA MR O O 2 MO (G

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sed: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index | =15;

MEIRE SRR [ <o

N @2 310), @), O, Oy Amad Crlopsty "2V XGI 8T OF \mal >

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Twdices:|o |1 |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14
Sedq: 0 |8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7
Current index | =15;

WMewm: D, 0, D, 12, 14,12,

{2 10), (81 (O, (Dl Amva i o (o o) X0 R8T, O <l

Longest Tucreasing Subseduence:

Twvreverse: 15

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:|o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 14 |15
Sedq: 0 |8 |4 |12 ]2 |10 |6 |14 |1 |9 |5 |13 |3 7 |15
Current index i =15;

WIENNRE SCIRE T2 2 <2

(42 210), @) 0p 7, O Ama B Criopst) " 2 BE 1T, O\

Longest Tucreasing Subseduence:

Tw reverse: 15, 11

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 |7 |8 10 {11 |12 |13 |14 |15
Sedq: 0 (8 |4 |12 (2 |10 |6 |14 |1 5 [13 |3 |11 |7 |15
Current index i =15;

WIENNRE SCIRE T2 2 <2

N @2 310), (0); 0, D)y Ama B Cropst) 2 IO OF el

Longest Tucreasing Subseduence:

Tw reverse: 15,11, 4

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Twdices:|o |1 |2 |3 |4 |5 7 (8 |9 |10 |11 [12 |13 |14 |15
Sedq: 0 (8 |4 |12 |2 |10 14 |1 |9 |5 |13 |3 |11 |7 |15
Current index i =15;

WIENNRE SCIRE T2 2 <2

N @20 310, (0) 0, Oy A BICH OPR = HOIAT . CF <\

Longest Tucreasing Subseduence:

Iwnreverse: 15,11, 4, @

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Twudices:|o [1 |2 |3 5 |6 (7 [8 |9 |10 |11 [12 |13 |14 |15
Sedq: 0 [8 |4 |12 10|16 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index i =15;

WIENNRE SCIRE T2 2 <2
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Longest Tucreasing Subseduence:

Inreverse: 15,11, 4, @, 2

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Twdices: 1 |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15
Sedq: 8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index i =15;

WIENNRE SCIRE T2 2 <2

N 42 310), ) O, o)y Aga G opat) "2y BGI T OF 1\ 0mal”

Longest Tucreasing Subseduence:

Inreverse: 15,11, 4, @, 2, O

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Example:

Tudices:{o |1 |2 |3 |4 |5 |6 [7 [8 |9 |10 |11 |12 |13 |14 |15
Sedq: 0 (8 |4 |12 |2 |10 |6 |14 |1 |9 |5 |13 |3 |11 |7 |15
Current index i =15;

WIENNRE SCIRE T2 2 <2

N @2 310), @), O, Oy Amad Crlopsty "2V XGI 8T OF \mal >

Longest Tucreasing Subseduence:

Inreverse: 15,11, 4, b, 2, O

Finally: 0, 2, &, 9,11, 15

Rewminder:

mem[)] = k st sfk] is the smallest last namber n an ncreasing subseduence of
length J.

prev()] = the second last wvumber in the longest increasivg subseduence ending at
sed[)].



The Code:

The Setup:
std: :vector« > mem(seqg.size() + 1, -1), prev(seq.size(), -1);
mem[8] = ©;

length =



The Code:

The Loop:

( 1 =0; 1< seq.size(); 1++)
| 1 = 0;
N
5 5 r = length + 1;
5 5 (r - 1> 1)
I
] ; ; mid = (1 + r) / 2;
i i (seq[mem[mid]] < seq[i]) 1 = mid;
| 5 i r = mid;
A
; ; prev[i] = mem[1];
] b omem[l + 1] = 1;
. (1 + 1 > length) length++;
3
¥



The Code:

The Result:

std: :vector« > lis(length);
index = mem[length];

(length > @)
{
lis[length - 1] = seqg[index];
index = prev[index];
length--;
¥

lis;



